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Physics/Basic Idea

✦ Lattice QCD calculations of Standard Model 
contribution to anomalous magnetic moment are 
important for interpretation of the upcoming more 
precise measurements  

✦ These techniques are also important in flavor physics 
✦ Strong overlap with Computational Frontier
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Summary Table (2006:04822)
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Contribution Section Equation Value ⇥1011 References

Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]

HVP LO (e+e�) Sec. 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Sec. 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Sec. 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) Refs. [18–30, 32]

QED Sec. 6.5 Eq. (6.30) 116 584 718.931(104) Refs. [33, 34]
Electroweak Sec. 7.4 Eq. (7.16) 153.6(1.0) Refs. [35, 36]
HVP (e+e�, LO + NLO + NNLO) Sec. 8 Eq. (8.5) 6845(40) Refs. [2–8]
HLbL (phenomenology + lattice + NLO) Sec. 8 Eq. (8.11) 92(18) Refs. [18–32]
Total SM Value Sec. 8 Eq. (8.12) 116 591 810(43) Refs. [2–8, 18–24, 31–36]
Di↵erence: �aµ := aexp

µ � aSM
µ Sec. 8 Eq. (8.14) 279(76)

Table 1: Summary of the contributions to aSM
µ . After the experimental number from E821, the first block gives the main results for the hadronic

contributions from Secs. 2 to 5 as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Sec. 8. The
second block summarizes the quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from e+e� data,
and the total HLbL number. The construction of the total HVP and HLbL contributions takes into account correlations among the terms at di↵erent
orders, and the final rounding includes subleading digits at intermediate stages. The HVP evaluation is mainly based on the experimental Refs. [37–
89]. In addition, the HLbL evaluation uses experimental input from Refs. [90–109]. The lattice QCD calculation of the HLbL contribution builds on
crucial methodological advances from Refs. [110–116]. Finally, the QED value uses the fine-structure constant obtained from atom-interferometry
measurements of the Cs atom [117].

0. Executive Summary

The current tension between the experimental and the theoretical values of the muon magnetic anomaly, aµ ⌘
(g � 2)µ/2, has generated significant interest in the particle physics community because it might arise from e↵ects
of as yet undiscovered particles contributing through virtual loops. The final result from the Brookhaven National
Laboratory (BNL) experiment E821, published in 2004, has a precision of 0.54 ppm. At that time, the Standard
Model (SM) theoretical value of aµ that employed the conventional e+e� dispersion relation to determine hadronic
vacuum polarization (HVP), had an uncertainty of 0.7 ppm, and aexp

µ di↵ered from aSM
µ by 2.7�. An independent

evaluation of HVP using hadronic ⌧ decays, also at 0.7 ppm precision, led to a 1.4� discrepancy. The situation was
interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
first is to improve the experimental measurement of aexp

µ by a factor of 4. The Fermilab Muon g � 2 collaboration is
actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
momenta storage ring e↵orts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It
will feature an ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal
of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is
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Error vs. Contribution
• QED in blue has very 

small error 

• Electroweak in green 
has larger error, but 
small contribution 

• Hadronic contributions 
are both in red 
• LO Hadronic vacuum 

polarization largest error 
and 2nd largest 
contribution 

• HLBL 2nd largest error
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No New PhysicsNo New Physics

LM 2020
BMW 2020
ETM 2018/19
Mainz/CLS 2019
FNAL-HPQCD-MILC 2019
PACS 2019
RBC/UKQCD 2018
BMW 2017
Mainz/CLS 2017
HPQCD 2016
ETM 2013

KNT 2019
DHMZ 2019
BDJ 2019
Jegerlehner 2018

RBC/UKQCD 2018

aµ
HVP,LO . 1010

LQCD
Pheno.

Pheno+LQCD

HVP Summary

• Fermilab Lattice/
HPQCD/MILC are 
calculating HVP 
contribution, the 
major source of 
error 

• Dispersive error 
(pink) about 0.6% 

• Would like to reduce 
lattice QCD error to 
<1% (currently 
about 2% except for 
BMW2020)
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What is required to succeed?

✦ We will need additional computing time on next 
generation computers 
• Perlmutter (NERSC) 
• Aurora (ALCF) 
• Frontier (ORNL) 
• Frontera (TACC) is currently running 
• New NSF funded computers at NCSA, elsewhere 

✦ Software development may also be needed to optimize 
code on new computers and improve algorithms 

✦ Some details on next slides
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Lattice HVP Error Sources 

✦Main current sources of error in FNAL/HPQCD/MILC 
connected HVP calculation: 
• Lattice spacing uncertainty: 0.8% 
• Monte Carlo statistics: 0.7% 
• Continuum extrapolation: 0.7% 
• Finite-volume & discretization corrections: 0.6% 

• Will update at HVP workshop in November 

✦Other sources of error: 
• Disconnected diagrams [Lattice 19 proceedings; arXiv:1912:04382] 
• Isospin breaking [PRL 120 (2018) 15; arXiv:1710,11212] 
• QED corrections [in progress] 

✦We are working on calculations/projects to address all these 
issues.  Goal is HVP error <1%.
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Longer Term Opportunities

✦Producing dynamical QED+QCD ensemble 
• Also useful for our flavor physics calculations where QED corrections are 

next step needed for increased precision. 
✦Working on determinant reweighting method for lowest order 

QED correction 
• Also potentially useful for flavor physics 

✦In addition to 2-point correlators looking at 2,3,4-point 
correlators with up to 2 pions in initial and final states to better 
reconstruct tail of vector-current correlator. 
• First calculation with staggered multi-hadron operator done at physical 

quark masses 
• Tests noise reduction strategy and finite volume corrections 
• This lays groundwork for new calculations such as weak decays with 

resonance in final state
8
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What do we plan to do during Snowmass?

✦ Continue above calculations and update results by 
summer 2021 for next white paper 

✦ Personally, help lead Computational Frontier
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What do we hope to get from Snowmass?

✦ Strong statements of support for Computational 
Frontier and Theory Frontier resulting in adequate future 
funding
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Muon g-2 Theory Initiative

✦Started in 2017, several of us are involved 
✦Comprehensive, collaborative approach to providing timely 

theoretical input for interpretation of new experimental results 
• Both dispersive and lattice QCD approaches are considered 
• Covers hadronic vacuum polarization and hadronic light-by-light 

contributions 
✦Initial paper to be published in Physics Reports (very soon) 

• arXiv:2006:04822, T. Aoyama et al. 
✦Initiative will continue its work and plans to update theory 

results ahead of each major experimental update 
• Focused workshops provide opportunity for detailed cross checks among 

various approaches and groups 
• Also provides opportunity for interaction with experimentalists
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